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REPRESENTATIONS AND GEOMETRIC STRUCTURES
ANNA WIENHARD
1. Introduction
Bill Thurston has had a tremendous impact on shaping the geometric
imagination of many mathematicians. His new ways of thinking about geo-
metric shapes changed the way we now think about hyperbolic surfaces,
three-manifolds, and higher dimensional hyperbolic manifolds.
There are many interesting geometries besides hyperbolic geometry, as for
example complex hyperbolic geometry, projective geometry or other higher
rank geometries, i.e. geometries whose transformation groups are semisim-
ple Lie groups of higher rank, as for example SL(n,R), n ≥ 3, or Sp(2n,R),
n ≥ 2. In recent years several developments led to the discovery of interest-
ing classes of discrete subgroups of Lie groups, which parametrize non-trivial
deformation spaces of geometric structures, which are governed by higher
rank Lie groups. One such development is the theory of Anosov represen-
tations of word hyperbolic groups which has been introduced by François
Labourie [Lab06]. The notion of Anosov representations is defined for repre-
sentation of a finitely generated word hyperbolic group into any semisimple
(even reductive) non-compact Lie group. However, in this article we restrict
our attention to representations into the symplectic groups Sp(2n,R) and
Sp(2n,C).
The aim of this article is to describe, in a rather informal way and in a
special case, some of the geometric aspects of Anosov representations, which
lead us to think about manifolds modelled on higher rank geometries and
try to build a geometric imagination for such geometric structures.
We are dearly missing Bill Thurston’s imagination. We will have to rely
on and build our own.
2. Preliminaries
2.1. The symplectic group. A symplectic vector space is a pair (VK, ωK),
where VK is a 2n-dimensional K-vector space, for K = R or C, and ωK is
a non-degenerate skew-symmetric bilinear form on V . The linear (real or
complex) symplectic group of (VK, ωK) is
Sp(VK, ω) = {g ∈ GL(VK) |ωK(gv, gw) = ωK(v,w) for all v,w ∈ VK}
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If we choose a linear isomorphism VK ∼= K
2n and represent ωK by the matrix(
0 Id
−Id 0
)
, i.e. ωK(v,w) = v
T
(
0 Id
−Id 0
)
w, then
Sp(VK, ω) ∼= Sp(2n,K) =
{
g ∈ GL(2n,K) | gT
(
0 Id
−Id 0
)
g =
(
0 Id
−Id 0
)}
.
We will sometimes denote VR simply by V and ωR by ω. If VC is the
complexification of V and ωC is the complex linear extension of ω, we have
a natural embedding of Lie groups
Sp(2n,R) ∼= Sp(V, ω)→ Sp(VC, ω) ∼= Sp(2n,C).
The symplectic group Sp(VK, ωK) acts transitively on various homoge-
neous spaces:
(1) The Riemannian symmetric space XR(n) associated to Sp(2n,R),
which can be identified with
XR(n) ∼= Sp(2n,R)/U(n).
(2) The Riemannian symmetric space XC(n) associated to Sp(2n,C),
which can be identified with
XC(n) ∼= Sp(2n,C)/Sp(n).
(3) The affine symmetric spaces Xp,q, p+ q = n, which can be identified
with
Xp,q ∼= Sp(2n,R)/U(p, q).
The extreme cases being X0,n = XR(n) = Xn,0.
(4) The space Isi(VK) of ωK-isotropic subspace of VK of dimension i. We
can identify
Isi(VK) ∼= Sp(VK, ωK)/Q1(VK),
where Qi(VK) denotes the stabilizer of an isotropic i-dimensional
subspace of VK Of particular interest to us will be the projective
space P(VK), which can be identified with Is1(VK), and the the space
of Lagrangians Lag(VK), which can be identified with Isn(VK).
Remark 1. (1) Recall that a subspace L ⊂ VK is ωK-isotropic if L ⊂
L⊥ωK , where L⊥ωK is the orthogonal complement with respect to
ωK. Since ωK is skew-symmetric, any one-dimensional subspace is
isotropic. An isotropic subspace L is maximal if it is of dimension n,
or equivalently if L = L⊥ωK . In this case L is called a Lagrangian
subspace.
(2) Two elements F,F ′ ∈ Isi(VK) are said to be transverse if F⊕F
′⊥ω
K =
VK = F
′ ⊕ F⊥ωK .
(3) For every isotropic subspace Z ∈ Isi(VK), the symplectic form ωK in-
duces a non-degenerate skew-symmetric bilinear form on the vector
space Z⊥ωK/Z, turning Z⊥ωK/Z into a 2(n − i)-dimensional sym-
plectic vector space.
2.2. Decomposition of the space of complex Lagrangian subspaces.
Let (V, ω) be a symplectic vector space and (VC, ωC) its complexification
Then the space of complex Lagrangians Lag(VC) decomposes into several
Sp(V, ω)-orbits.
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First, there is a decomposition with respect to the real structure: for every
i = 0, · · · , n we set
Ri = {W | dim(W ∩W ) = i},
where W is the complex conjugation with respect to V ⊂ VC.
Proposition 2. The set Ri fibers over the space Isi(V ) of i-dimensional
isotropic subspaces in V with fiber isomorphic to
⋃
p′+q′=n−iXp′,q′. The set
Rn is the unique closed Sp(V, ω) orbit and identifies with Lag(V ). The set
R0 is the union of the n+1 open Sp(V, ω)-orbits, R0 =
⋃
p=0,··· ,nHp,q, where
Hp,q ∼= Xp,q.
Proof. We sketch the proof, leaving some verifications to the reader. A more
detailed description of the embedding XR(n) into Lag(VC) can be found for
example in [Sat80].
Note that the imaginary part of ωC gives rise to a non-degenerate Her-
mitian form h of signature (n, n) on VC, h(v,w) = iωC(v,w) This Hermitian
form is preserved by Sp(V, ω).
Let us first describe R0. It is an easy calculation that if W ∈ R0, then
the restriction of h to W ×W is non-degenerate and of signature (p, q) with
p+ q = n. The set R0 then decomposes into the disjoint union
R0 =
⋃
p=0,··· ,n
Hp,q,
where
Hp,q = {W ∈ R0 |h|W×W is of signature (p, q)}.
On each Hp,q the group Sp(V, ω) acts transitively, and the stabilizer of W ∈
Hp,q is U(W,h|W×) ∼= U(p, q). Thus Hp,q ∼= Xp,q.
If W ∈ Ri, then Z =W ∩W is an i-dimensional (complex) isotropic sub-
space of VC. Since Z = Z, it is the complexification of a real i-dimensional
isotropic subspace Z ′ of V . This defines the projection Ri → Isi(V ).
To describe the fiber consider M = Z⊥ωC/Z. The symplectic form ωC
induces a symplectic form on M , the real structure induces a real structure,
and h induces a non-degenerate Hermitian form of signature (n − i, n − i).
Note that any W ∈ Ri for which W ∩W = Z is uniquely determined by a
maximal isotropic (Lagrangian) subspace Y of M , which satisfies Y ∩ Y =
{0}. Thus the description of R0 above gives the description of the fiber.
In particular, Ri also decomposes into several Sp(V, ω)-orbits H
i
p′,q′ , where
p′ + q′ = n − i and H ip′,q′ is the component of Ri with fiber isomorphic to
Xp′,q′ .
If W ∈ Rn, then W = W and hence W is the complexification of a
real maximal ω-isotropic subspace of V . The fiber of the projection Rn →
Lag(V ) is trivial. This gives the identification Rn ∼= Lag(V ). In particular,
Rn is a compact, and hence closed Sp(V, ω)-orbit. 
Proposition 2 gives explicit embeddings
Xp,q →֒ Hp,q ⊂ Lag(VC).
Since Lag(VC) is compact, the closure of Hp,q ⊂ Lag(VC) gives rise to a
compactification of the affine symmetric spaces Xp,q. The closure of Hp,q
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has the following structure
cl(Hp,q) =
⋃
p′≤p, q′≤q
H ip′,q′ ,
with H0,0 := Rn.
For the Riemannian symmetric space XR(n) the embedding XR(n) →֒
Lag(VC) is called the Harish-Chandra-embedding. The described compact-
ification is isomorphic to a (minimal) Satake-Furstenberg compactification,
and to the bounded symmetric domain compactification of XR(n).
Remark 3. (1) In fact the bounded symmetric domain realization of X
is usually derived from the above embedding: Choosing two trans-
verse Lagrangian subspaces V+ and V− of VC, such that h is positive
definite on V+ and negative definite on V−, and such that V+ and
V− are orthogonal with respect to h, any other space W ∈ Hn,0 is
transverse to V−, and thus can be written as a graph of a linear map
from V+ → V−. The condition that W is Lagrangian implies that
this map is symmetric and the condition that h is positive definite
on W translates into the condition that Id−ZZ is positive definite.
For details we refer to [Sat80].
(2) When n = 1 the space Lag(VC) is just the projective space CP
1,
which decomposes into three SL(2,R)-orbits: upper hemisphere,
lower hemisphere, equator.
2.3. Symplectic Anosov representations. We shortly recall here the
notion of Anosov representations. We focus on representations into the
symplectic group which are Anosov with respect to the stabilizer of an
isotropic subspace of VK. The definition we give relies on a characterization
of Anosov representations given in [GGKWa], which can also be obtained
from [KLPa, KLPb]. For general discussions of Anosov representations we
refer to [Lab06, GW12, GGKWa, KLPa, KLPb, KLPc].
Let Γ be a finitely generated word hyperbolic group. Its boundary ∂∞Γ is a
compact space, equipped with a natural action of Γ as a uniform convergence
group. In particular, every element γ ∈ Γ of infinite order has a unique
attracting fix point γ+ ∈ ∂∞Γ and a unique repelling fix point γ
− ∈ ∂∞Γ
such that for every x ∈ ∂∞Γ\{γ
−} we have limn→∞ γ
n · x = γ+. In the
following we will assume for simplicity that Γ is torsion free.
The symmetric spaces XK of Sp(2n,K) are symmetric spaces of non-
compact type of rank n. In such spaces the Riemannian distance function
only partially determines the relative position of two points. More precise in-
formation is given by their distance vector. For group elements g ∈ Sp(2n,K)
the distance vector between a fixed base point x0 ∈ XK and g ·x0 is measured
by a Cartan decomposition with respect to x0. To describe this in more de-
tail, let K be a maximal compact subgroup of Sp(2n,K), i.e. K = U(n) if
K = R and K = Sp(n) if K = C. Let a ⊂ sp(2,K) be the subset of diagonal
matrices with real entries, i.e.
a = {diag(λ1, · · ·λn,−λn, · · · − λ1) |λi ∈ R}.
Then Sp(2n,K) admits a decomposition Sp(2n,K) = K exp(a)K, i.e. any
element g ∈ Sp(2n,K) can be written as g = k1 exp (ag)k2, with ag ∈ a and
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k1, k2 ∈ K. This decomposition is in general not unique. But if we consider
the cone
a
+ = {diag(λ1, · · · λn,−λn, · · · − λ1) ∈ a |λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0} ⊂ a,
then any element g ∈ Sp(2n,K) can be written as g = k1 exp (ag)k2, with
an unique ag ∈ a
+ and k1, k2 ∈ K. This decomposition
Sp(2n,K) = K exp(a+)K
is called a Cartan decomposition.
It induces the Cartan projection
µ : Sp(2n,K)→ a+, g 7→ µ(g) := ag.
The Cartan projection is a continuous, proper surjective map.
We denote by αia
∗, i = 1, · · · , n the linear map given by αi = ǫi −
ǫi+1, where ǫi is the linear form which sends a diagonal matrix to its i-th
eigenvalue. Note that αn = ǫn − ǫn+1 = 2ǫn.
Definition 4. Let Γ be a finitely generated word hyperbolic group and
∂∞Γ its boundary. A representation ρ : Γ → Sp(VK, ωK) is Qi-Anosov,
i = 1, · · · , n if the following holds
(1) There exist a continuous ρ-equivariant map ξi : ∂∞Γ→ Isi(VK).
(2) The map ξi is dynamics preserving, i.e. for every γ ∈ Γ of infinite
order, the images of the attracting resp. repelling fix point γ± under
ξi is the attracting resp. repelling fix point of ρ(γ) in Isi(VK).
(3) The map ξi is transverse, i.e. for every t 6= t
′ in ∂∞Γ, the images
under ξi satisfy
ξi(t)⊕ ξi(t
′)⊥ωK = VK = ξi(t
′)⊕ ξi(t)
⊥ωK .
(4) For every diverging sequence γn in Γ we have
limn→∞αi(µ(γn)) =∞.
Remark 5. (1) The original definition [Lab06, GW12] uses the geodesic
flow space of the hyperbolic group Γ. This definition is very useful
in several applications, see for example [Sam11, BCLS]. Character-
izations not involving the geodesic flow space are given in [KLPa,
KLPb, KLPc, GGKWa]. Some of the characterizations in [KLPa,
KLPb, KLPc] do not require the group Γ to be assumed to be word
hyperbolic a priori.
(2) One can define P -Anosov representations with respect to any par-
abolic subgroup P < Sp(2n,R), but this notion essentially reduces
to the notion of Qi-Anosov representations above, because a repre-
sentation is P -Anosov if it Qi-Anosov for all maximal parabolic sub-
groups Qi which contain P . For example, a representation ρ : Γ →
Sp(VK, ωK) is B-Anosov, for B < Sp(2n,K) the minimal parabolic
subgroups, if and only if it is Qi-Anosov for every i = 1, · · · , n.
(3) Under the embedding Sp(2n,R) → Sp(2n,C), a Qi-Anosov repre-
sentation ρ : π1(Σ)→ Sp(2n,R) gives rise to a Qi-Anosov represen-
tation ρC : π1(Σ)→ Sp(2n,C) into Sp(2n,C).
We recall, without proof several of the remarkable properties Anosov rep-
resentations have.
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Proposition 6. [Lab06, GW12] Let ρ : Γ → Sp(VK, ωK) be a Qi-Anosov
representation. Then
(1) ρ has finite kernel and discrete image.
(2) the map Γ → XK(n), γ 7→ γx0, for x0 ∈ XK(n) fixed, is a quasi-
isometric embedding with respect to the word metric | · |Γ on Γ (with
respect to a finite generating set) and the Riemannian distance dX
on XK, i.e. there exists constants L, l > 0 such that for all γ ∈ Γ
1
L
|γ|Γ − l ≤ dX(γx0, x0) ≤ L|γ|Γ + l,
where x0 ∈ XK is a fixed base point.
(3) Every element of infinite order γ ∈ Γ acts proximal on Isi(VK), i.e.
there exists F+γ , F
−
γ in Isi(VK) such that for every F transverse to F
−
γ
the sequence ρ(γ)nF converges to F+γ , and for every F
′ transverse to
F+γ the sequence ρ(γ
−n)F ′ converges to F−γ . In fact, for a Qi-Anosov
representation we have F±γ = ξi(γ
±).
Also the set of Anosov representations inside the representation variety
has remarkable properties.
Proposition 7. [Lab06, GW12, Can, GGKWa]
(1) The set HomQi−Anosov(Γ,Sp(VK, ωK)) of Qi-Anosov representation
is open in Hom(Γ,Sp(VK, ωK)).
(2) The group Out(Γ) of outer automorphisms acts properly discontinu-
ously on HomQi−Anosov(Γ,Sp(VK, ωK))/Sp(VK, ωK), the set of con-
jugacy classes of Anosov representations.
(3) The set of Anosov representations HomQi−Anosov(Γ,Sp(VK, ωK)) de-
scends to a well defined subset of the character variety.
2.4. Examples. In this subsection we describe several examples of Anosov
representations
2.4.1. Hitchin representations. Let π1(Σ) be the fundamental group of a
closed surface of genus g ≥ 2, and let ι : π1(Σ) → SL(2,R) be a discrete
embedding. We denote by π2n : SL(2,R) → Sp(2n,R) the 2n-dimensional
irreducible representation of SL(2,R). It is unique up to conjugation in
Sp(2n,R). We call the composition
ρirr : π2n ◦ ι : π1(Σ)→ Sp(2n,R)
an irreducible Fuchsian representation. A Hitchin representation is any rep-
resentation ρ : π1(Σ) → Sp(2n,R) which can be continuously deformed to
an irreducible Fuchsian representation. Hitchin representation were intro-
duced by Hitchin in [Hit92], who showed that there are 2 × 22g connected
components of Hitchin representations into Sp(2n,R) which are all homeo-
morphic to a ball of dimension (2g−2) dim Sp(2n,R). The 2×22g connected
components come from the fact that there are 22g different ways of lifting a
discrete embedding ι : π1(Σ) → PSL(2,R) to SL(2,R) and 2 distinct con-
nected components of the space of discrete embeddings π1(Σ)→ PSL(2,R).
Hitchin representations were extensively studied by Labourie in [Lab06],
who in particular showed that Hitchin representations are Qi-Anosov for all
i = 1, · · · , n.
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2.4.2. Maximal representations. The Toledo number is a characteristic num-
ber of a representation ρ : π1(Σ)→ Sp(2n,R). It satisfies |T (ρ)| ≤ n|χ(Σ)|,
where χ(Σ) is the Euler characteristic of Σ. Representations for which
T (ρ) = n|χ(Σ)| are called maximal representations. Maximal representations
are Qn-Anosov, in particular they are discrete embeddings [Gol88, BIW10,
BILW05].
The set of maximal representations is a union of connected components,
which contains the set of Hitchin representations as a proper subset. By def-
inition any Hitchin representation can be deformed to a representation that
factors through SL(2,R). This does not hold for maximal representations.
In fact the set of maximal representations into Sp(4,R) contains 2g− 4 con-
nected components in which every representation is Zariski dense. We refer
the reader to [Got01, GPMiR04, GPGMiR13, GW10, BGPG12] for more
details on the number of connected components and topological invariants
of maximal representations into the symplectic group.
Maximal representations are in general only Qn, not Q1-Anosov. Since
some of the constructions we describe below are specifically for Q1-Anosov
representations, it is interesting to ask.
Question 8. Are there maximal representations ρ : π1(Σ) → Sp(2n,R)
outside of the Hitchin component that are Q1-Anosov or even B-Anosov?
What is the set of maximal representation that are also Q1-Anosov?
2.4.3. Deformations of SL(2,R) embeddings. Examples of Qi-Anosov repre-
sentations that are not maximal (and in particular not Hitchin) can easily
be constructed by considering other embeddings of SL(2,R).
For example, consider a symplectic vector space (R2, ω0) and let (V, ω) =
(R2⊕R2, ω0⊕ǫω0), where ǫ ∈ {−1,+1}, and ι : π1(Σ)→ SL(2,R) a discrete
embedding.
(1) The representation (ι, 1) : π1(Σ) → SL(2,R) × SL(2,R) ⊂ Sp(V, ω)
is Q1-Anosov, but not maximal. Since the set of Q1-Anosov rep-
resentations is open, the same holds for small deformations of this
representation.
(2) For ǫ = −1 the representation (ι, ι) : π1(Σ)→ SL(2,R)×SL(2,R) ⊂
Sp(V, ω) is Qn-Anosov, but not maximal. They same holds true for
small deformations. Note that for ǫ = 1 the representation (ι, ι) :
π1(Σ)→ SL(2,R) × SL(2,R) ⊂ Sp(V, ω) is maximal.
2.4.4. SL(2,C) embeddings and their deformations. Consider a two-dimensional
complex symplectic vector space (V C0 , ω
C
0 ). Then Sp(V
C
0 , ω
C
0 )
∼= SL(2,C).
If we forget the complex structure, we can identify V C0 = V with the real
four-dimensional vector space V , and the real part of ωC0 defines a symplectic
form ω on V . This gives a natural embedding π : SL(2,C)→ Sp(4,R).
Composing a quasi-Fuchsian representation ι : π1(Σ) → SL(2,C) with π
we get a Qn-Anosov representation ρ : π1(Σ)→ SL(2,C)→ Sp(4,R).
This embedding also gives interesting examples when Γ is the fundamental
group of a closed hyperbolic 3-manifold, and ι : Γ→ SL(2,C) is the embed-
ding of a cocompact lattice. Then ρ := π ◦ ι : Γ→ Sp(4,R) is a Qn-Anosov
representation. It was explained to me by Gye-Seon Lee, that under the
local isomorphism between SL(2,C) and SO(1, 3) , and between Sp(4,R)
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and SO(2, 3), the above embedding SL(2,C) →֒ Sp(4,R) corresponds to the
natural embedding SO(1, 3) →֒ SO(2, 3). It is then a consequence of the
work of Barbot [Bar] that any deformation of ρ is Qn-Anosov.
3. Domains of Discontinuity
In this section we recall a construction of domains of discontinuity for Qi-
Anosov representations into Sp(2n,K), i = 1 or n, which was introduced in
[GW12]. We denote byˆthe nontrivial involution of the set {1, n}, i.e. 1ˆ = n
and nˆ = 1.
3.1. Construction and statement. Let ρ : Γ → Sp(2n,K) be a Qi-
Anosov representation, i = 1 or n and ξi : ∂∞Γ → Isi(VK) its continu-
ous ρ-equivariant boundary map. We are going to use ξi to exhibit a set
Kξi ⊂ Isˆi(VK), such that the action of Γ (via ρ) on the complement of Kξi
in Isˆ
i
(VK) is proper.
Given an (isotropic) line l ∈ P(VK), we set
Kl := {L ∈ Lag(VK) | l ⊂ L}.
In words, for a line l, Kl is the set of Lagrangian subspaces containing l.
Note that we can identify Kl with the set Lag(l
⊥ωK/l).
Given a Lagrangian subspace L ∈ Lag(VK) we set
KL := {l ∈ P(VK) | l ⊂ L}.
In words, for a Lagrangian subspace L, KL is the set of lines contained in
L. Note that we can identify KL with P(L).
Proposition 9. [GW12, Proposition 8.1.] Let ρ : Γ → Sp(2n,K) be a Qi-
Anosov representation, i = 1 or n and ξi : ∂∞Γ → Isi(VK) its continuous
ρ-equivariant boundary map. Set
Kξi :=
⋃
t∈∂∞Γ
Kξi(t) ⊂ Isˆi(VK).
The complement
Ωξi = Isˆi(VK)\Kξi
is a Γ-invariant open subset. The action of Γ (via ρ) on Ωξi is properly
discontinuous and cocompact.
Remark 10. (1) Note that Kξi is in fact the disjoint union of Kξi(t), t ∈
∂∞Γ.
(2) In general the domain of discontinuity Ωξi could be empty, and in
fact this happens for example if Γ = π1(Σ) is a surface group, n = 1,
and K = R, or if Γ is the fundamental group of a closed hyperbolic
3-manifold, n = 1, and K = C. When Γ is a free group, then Ωξi is
always nonempty. In general, Ωξi is nonempty, as soon as n is bigger
than the dimension of ∂∞Γ.
We refer the reader to [GW12] for a proof of Theorem 9. Here we would
like to illustrate how the construction of the domains of discontinuity can be
used to deduce further information on proper actions on homogeneous space
and compactifications of the corresponding quotient manifolds. More results
in this direction are proved in [GW12, GGKWa, GGKWb].
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3.2. Complexifying Q1-Anosov representations. Let ρ : Γ → Sp(V, ω)
be a Q1-Anosov representation with boundary map ξ : ∂∞Γ → P(V ). Let
(VC, ωC) be the complexification of (V, ω) and ρC : Γ → Sp(VC, ωC) the
induced representation, which is also Q1-Anosov. We denote by ξC : ∂∞Γ→
P(VC) its boundary map. Since ξC is the complexification of ξ we have
(1) ξC(t) = ξC(t)
for all t ∈ ∂∞Γ.
By Theorem 9 we obtain a domain of discontinuity ΩξC ⊂ Lag(VC) on
which Γ acts (via ρC) properly discontinuous and cocompact. Let us denote
the compact complex quotient manifold Γ\ΩξC by MρC .
Question 11. What is the homeomorphism type of MρC? What are the
properties of MρC as complex manifold?
In order to describe the relation of ΩξC with the Sp(V, ω)-orbits described
above, let us analyze in more detail the structure of the set KξC . By definition
KξC =
⋃
t∈∂∞Γ
KξC(t) =
⋃
t∈∂∞Γ
{L ∈ Lag(VC) | ξC(t) ⊂ L}.
Lemma 12. The domain of discontinuity ΩξC contains R0.
Proof. Let L ∈ KξC , then L contains ξC(t) for some t ∈ ∂∞Γ. By (1), this
implies that ξC(t) ⊂ L ∩ L, and in particular L /∈ R0, hence R0 ⊂ ΩξC 
Corollary 13. Let ρ : Γ → Sp(V, ω) be a Q1-Anosov representation. Then
Γ acts (via ρ) properly discontinuous on Xp,q.
Analogously to Question 11 one can ask
Question 14. What is the homeomorphism type of Np,qρ = Γ\Xp,q? What
are the properties of Np,qρ as complex manifold?
Note that the non-compact manifolds Np,qρ = Γ\Xp,q embed intoMρC , and
sinceMρC is compact, the closure of N
p,q
ρ inMρC provides a compactification
of the locally (affine) symmetric manifold Γ\Xp,q.
Let us describe in a bit more detail this compactification for the locally
Riemannian symmetric space Γ\XR(n). Since the compactification of Nρ =
Γ\X(n) obtained by taking the closure in MρC is the quotient of cl(Hn,0) ∩
ΩξC by the action of Γ (via ρ), we describe the set cl(Hn,0) ∩ ΩξC .
The compactification of XR(n) is given by
cl(Hn,0) =
⋃
n′≤n
H in′,0,
where i = n − n′. The set H in′,0 is a fiber bundle over the space Isi(V ) of
i-dimensional isotropic subspaces of V with fiber isomorphic to XR(n
′).
Given l ∈ P(V ) we set
Si(l) = {Z ∈ Isi(V ) | l ⊂ Z}.
Lemma 15. The intersection KξC ∩ H
i
n′,0 is the restriction of the bundle
H in′,0 to the subset S
i
ξ :=
⋃
t∈∂∞Γ
Si(ξ(t)).
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Proof. Consider a complex Lagrangian W ∈ H in′,0 and let Z
′ ∈ Isi(V ) be the
real i-dimensional isotropic subspace such that Z ′
C
= W ∩W . Then W is
in KξC if and only if there exists t ∈ ∂∞Γ with ξC(t) ⊂W ∩W = Z
′
C
. This
happens by (1) if and only if ξ(t) ∈ Z ′, i.e. Z ′ ∈ Si(ξ(t)). 
3.2.1. Deforming real Q1-Anosov representation. In the previous section we
analysed the structure of the domain of discontinuity of a Q1-Anosov rep-
resentation ρ′ : Γ → Sp(VC, ωC) with boundary map ξ
′ : ∂∞Γ → P(VC) in
the special case, when ρ′ = ρC is the complexification of a real Q1-Anosov
representation ρ : Γ→ Sp(2n,R). When we deform ρC to a Q1-Anosov rep-
resentation ρ′ : Γ→ Sp(VC, ωC) which does not preserve the real structure,
the domains of discontinuity and the quotient manifolds MρC and Mρ′ are
homeomorphic [GW12, Theorem 9.12], butMρ′ is not anymore invariant un-
der complex conjugation, and there is no equivariant decomposition of Mρ′
with respect to the real structure.
The problem of gaining a better understanding of Mρ′ is of particular
interest when Γ = π1(Σ) is a surface group.
In the case when dim(V ) = 2, Q1-Anosov representations of π1(Σ) →
SL(2,R) →֒ SL(2,C) are discrete embeddings, i.e. a Fuchsian representa-
tions. The set KξC we remove is RP
1 ⊂ CP1, and the domain of disconti-
nuity ΩξC = Ω
+ ∪ Ω− is the union of the upper and the lower hemisphere.
The quotient manifold MρC is the union of two Riemann surfaces which are
homeomorphic to Σ and carry - up to an orientation reversing isometry the
same conformal structure. A Q1-Anosov representation ρ
′ : Γ→ SL(2,C) is
precisely a quasi-Fuchsian representation of π1(Σ). In this case KξC ⊂ CP
1
is a quasi-circle. The quotient manifoldMρ′ is still the union of two Riemann
surfaces, now with different conformal structures.
In this case, n = 1, the Ahlfors-Bers simultaneous uniformization theo-
rem, gives a parametrisation of the space of Q1-Anosov representations of
π1(Σ) → SL(2,C) by two copies of the Teichmüller space of Σ. It is an
intriguing question to ask whether an analogue of the simultaneous uni-
formization theorem holds for deformations of Hitchin representations when
dim(V ) > 2. A question along these lines was first raised by Fock and
Goncharov [FG06, Section 11].
In order to make this question more precise we define
Definition 16. The set of Quasi-Hitchin representations is the set of repre-
sentation ρ′ : π1(Σ)→ Sp(2n,C) which are B-Anosov with respect to a full
isotropic flag, and which can be deformed to a representation
ρC : π1(Σ)→ Sp(2n,R) →֒ Sp(2n,C),
which is the complexification of a Hitchin representation into Sp(2n,R).
The set of Q1-Quasi-Hitchin representations is the set of representation
ρ′ : π1(Σ) → Sp(2n,C) which are Q1-Anosov, and which can be deformed
to a representation ρC : π1(Σ) → Sp(2n,R) →֒ Sp(2n,C), which is the
complexification of a Hitchin representation into Sp(2n,R).
Question 17. Is there a meaningful generalisation of the simultaneous uni-
formization theorem to Hitchin representations into Sp(2n,R)? Is there a
parametrisation of the set of Quasi-Hitchin representations (or of the set
REPRESENTATIONS AND GEOMETRIC STRUCTURES 11
of Q1-Quasi-Hitchin representations) in terms of Hitchin components for
Sp(2n,R)?
Note that the domain of discontinuity ΩξC always contains both the (up-
per) Siegel space Hn,0, as well as the (lower) Siegel space H0,n, which are
mapped to each other under complex conjugation. When n = 1 these are
just the upper and the lower hemisphere. However, in the general case ΩξC is
connected, and the various open quotient manifolds Γ\Hp,q are glued along
their boundaries in MρC .
Question 18. How can one exhibit deformations of these open quotient man-
ifolds Γ\Hp,q in Mρ′ for a complex deformation ρ
′ of ρC.
3.3. Products. Let us describe another example, where the construction
of the domain of discontinuity for Q1-Anosov representation leads to some
interesting consequences. We refer to [GGKWa, GGKWb] for more details
and proofs.
Consider the symplectic vector space (VK, ωK). Let
(V ′, ω′) = (VK ⊕ VK, ωK ⊕−ωK),
and let
Sp(VK, ωK)× Sp(VK,−ωK) →֒ Sp(V
′, ω′)
be the corresponding embedding.
Assume that ρ0 : Γ → Sp(VK, ωK) is a Q1-Anosov with boundary map
ξ0 : ∂∞Γ→ P(VK) and consider the representation
ρ = (ρ0, 1) : Γ→ Sp(VK, ωK)× Sp(VK,−ωK) →֒ Sp(V
′, ω′),
where 1 is the trivial representation. Then ρ isQ1-Anosov as a representation
into Sp(V ′, ω′) with boundary map ξ : ∂∞Γ→ P(V
′) given by
t 7→ ξ0(t)⊕ 0 ∈ P(VK ⊕ 0) ⊂ P(V
′).
So the above construction provides a domain of discontinuity Ωξ ⊂ Lag(V
′),
obtained as the complement of
Kξ =
⋃
t∈∂∞Γ
Kξ(t) =
⋃
t∈∂∞Γ
{W ∈ Lag(V ′) | ξ(t) ⊂W}.
With respect to the symplectic splitting V ′ = VK⊕VK, the space Lag(V
′)
decomposes into several Sp(VK, ωK)× Sp(VK,−ωK).
The orbits are
(2) Ti := {W ∈ Lag(V
′) |dim(W ∩ VK ⊕ 0) = i}.
The open orbit is T0. It contains in particular the diagonal
∆(VK) = {(v, v) ∈ V
′ | v ∈ VK},
whose Sp(VK, ωK)× Sp(VK,−ωK)-orbit identifies with
Sp(VK, ωK)× Sp(VK,−ωK)/∆(Sp(VK, ωK)) ∼= Sp(VK, ωK),
where ∆ : Sp(VK, ωKK)→ Sp(VK, ωK)×Sp(VK,−ωK) denotes the diagonal
embedding.
Proposition 19. The domain of discontinuity Ωξ ⊂ Lag(V
′) contains T0 as
an open and dense submanifold. The quotient manifold Nρ = Γ\T0, which
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identifies with Γ\Sp(VK, ωK), embeds into Mρ = Γ\Ωξ as an open and dense
submanifold. In particular, the manifold Mρ provides a compactification of
Nρ = Γ\Sp(VK, ωK).
3.4. Qn-Anosov representations. Let ρ : Γ→ Sp(2n,R) be a Qn-Anosov
representation with boundary map ξ : ∂∞Γ → Lag(R
2n). Then the con-
struction of the domain of discontinuity above provides a domain of discon-
tinuity Ωξ ⊂ P(R
2n). In particular, the quotient manifold Mρ : Γ\Ωξ is en-
dowed with a projective structure. For Hitchin representations ρ : π1(Σ)→
Sp(4,R) this domain of discontinuity was considered in detail in [GW08].
It is however also of interest to consider subsets in Lag(R2n) on which the
image of a Qn-Anosov representation acts properly.
Let us consider the 2n-dimensional symplectic vector space (V0, ω0) and
set (V, ω) = (V0 ⊕ V0, ω0 ⊕ −ω0). Let Sp(V0, ω0) × Sp(V0,−ω0) →֒ Sp(V, ω)
be the corresponding embedding.
Assume that ρ1, ρ2 : Γ → Sp(V0, ω0) ∼= Sp(2n,R) are Qn-Anosov repre-
sentations, then the representation
ρ = (ρ1, ρ2) : Γ→ Sp(V0, ω0)× Sp(V0,−ω0) →֒ Sp(V, ω) ∼= Sp(4n,R)
is Q2n-Anosov. Let ξ : ∂∞Γ→ Lag(V ) be the corresponding boundary map.
Instead of the domain of discontinuity Ωξ ⊂ P(V ) constructed above, let us
consider the set Dξ ⊂ Lag(V ) defined as follows.
For a Lagrangian L ∈ Lag(V ) we consider
NL = {L
′ ∈ Lag(V ) |L′ ∩ L 6= {0}},
the set of all Lagrangians which are not transverse to L, and set
Nξ =
⋃
t∈∂∞Γ
Nξ(t).
Note that here Nξ(t) and Nξ(t
′) for t 6= t′ will in general intersect, and the
union is not disjoint.
We set Dξ to be the complement of Nξ in Lag(V ). The action of ρ on Dξ
is properly discontinuous, but will not be cocompact.
When n = 1, then the Toledo number of the representation ρ = (ρ1, ρ2) :
Γ → Sp(4,R) is zero. In that caseT0 ∼= SL(2,R) can be identified with
Anti-de Sitter space, and the set Dξ ∩ T0 ⊂ Lag(V ) is described in detail in
[Bar], where also its relation to the domain of discontinuity in Anti-de Sitter
space defined by Mess in [Mes07] is described.
Question 20. Develop a description of the set Dξ ∩ T0 ⊂ Lag(V ) when
n ≥ 2.
4. Some questions
Let us mention a few other questions concerning Anosov representations.
4.1. Connected components. There are several examples known, where
entire connected components of the space of homomorphisms Hom(Γ, G)
consist of Anosov representations. In the case when Γ is a surface group
this happens for example for the set of Hitchin representations or the set
of maximal representations. But this phenomena also occurs when Γ is the
fundamental group of a closed hyperbolic manifold of dimension n. In this
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case connected component which exist entirely of Anosov representations
have been described by Benoist [Ben04] and by [Bar, BM12].
Question 21. For which finitely generated word hyperbolic groups Γ and
for which non compact simple Lie groups G are there entire connected com-
ponents in Hom(Γ, G) which consist entirely of Anosov representations? Is
there a common underlying structure that makes this possible?
In some cases the set of Anosov representation consists of essentially
one connected component, for example for Q1-Anosov representations into
SL(2,K), or for the Anosov representations considered in [Bar]. But in gen-
eral the set of Anosov representations has several connected components,
which contain representations of rather different geometric flavour.
Question 22. Investigate the set of connected components of the space of
Anosov representations.
4.2. Quasi-isometry invariance. Recently, Haissinsky [Hai] proved that
the class of convex cocompact Kleinian groups is quasi-isometrically rigid,
i.e. if Γ is a finitely generated group, which is quasi-isometric to a discrete
convex cocompact subgroup Λ < PSL(2,C), then there exists a finite index
subgroup Γ′ of Γ and an isomorphism of Γ′ onto a discrete convex cocompact
subgroup in PSL(2,C).
For PSL(2,C) and Γ a finitely generated hyperbolic group, a represen-
tations ρ : Γ → PSL(2,C) is Anosov if and only if ρ has finite kernel and
the image of ρ is a discrete convex cocompact subgroup in PSL(2,C). The
following questions are thus a natural generalisation of Haissinsky’s theorem
Question 23. Is the class of finitely generated groups that admit a Qi-
Anosov representation into Sp(2n,K) quasi-isometrically rigid? Is the class
of finitely generated groups that admit any Anosov representation into a non
compact simple Lie group quasi-isometrically rigid?
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